Objectives

Wrap-up Dijkstra's Algorithm
Minimum Spanning Tree
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Review: Greedy Algorithms and
Dijkstra’s Algorithm
What are greedy algorithms?

How are some strategies to prove that
greedy algorithms are optimal?

What was the greedy algorithm to find the
shortest path in a weighted directed graph?
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Dijkstra’s Algorithm

Maintain a set of explored nodes S

~ Keep the shortest path distance d(u) from s to u
Initialize S={s}, d(s)=0, Vu#s, d(u)=«
Repeatedly choose unexplored node v
which minimizes =)= _ min _ dG)+L,.

» Add v to S and set d(v) = 7(V)  shortest path to some u

in explored part
followed by a single edge (u, v)
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Dijkstra’s Algorithm

Maintain a set of explored nodes S

» Keep the shortest path distance d(u) from s to u
Initialize S={s}, d(s)=0, Vu#s, d(u)=~
Repeatedly choose unexplored node v
which minimizes =)= _min _ d@)+ /..

» Add v to S and set d(v) = m(V)  shortest path to some u

in explored part
followed by a single edge (u,v)

Implementation Ideas
* What to represent?
* How to represent?
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Dijkstra's Shortest Path Algorithm

Find shortest path fromstot  Give outhandout

44
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Dijkstra's Shortest Path Algorithm

s={}
PQ={s,2,3,4,56,7,t}

Initialize distances to all nodes to infinity

distance label
~
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Dijkstra's Shortest Path Algorithm

s={}
PQ={5,2,3,4,567,1}

distance label z
~ 44

L8k

o
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Dijkstra's Shortest Path Algorithm

S={s}
PQ={2,3,4,5671t}

Add node s to explored set

Decrease Update distances to nodes it points to
key w9 ®
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Dijkstra's Shortest Path Algorithm

S={s}
PQ={2,6,7,3,4,5t}

Select node with minimum length from explored set
Delete min , (fromPQ)
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Dijkstra's Shortest Path Algorithm

S={s2}
PQ={6,7,3,4,5¢}

Add node 2 to explored set

Del
elete mmﬂ x 9 ©
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Dijkstra's Shortest Path Algorithm

S={s2}
PQ={6,7,3,4,51t}
Decrease
Update distances to nodes it points to, key 1

x 9 if smaller % 33

distance label
~ 44
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Dijkstra's Shortest Path Algorithm

S={s2}
PQ={6,7,3,4,51t}

x 9
0 9 — e
14 X 14
30 ®©

distance label ~

x 15
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Dijkstra's Shortest Path Algorithm

S={s26}

PQ={7,3,451}
Add6toS
x 9 % 33
: ' /2 2/ 2
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Dijkstra's Shortest Path Algorithm

S={s26}
PQ={7,354-1}
Update distances to nodes it points to, 32
x 9 if smaller % %
0 9 /@ 24 3
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14 ® 14 ) 6
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distance label ~ 7 44
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Dijkstra's Shortest Path Algorithm

Dijkstra's Shortest Path Algorithm

S={s267}
PQ={3,51t4}
Add 7 toS, 32
Update distances to nodes % X
0 24 3
S % /(< Q}
Del
x 15 59 >$
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S={s26}
PQ={7,354t}
32
* 9 % K
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14 R 14 2 6
44 *
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Delete min (3 W Nﬂ
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Dijkstra's Shortest Path Algorithm
S={s267}
PQ={351t4} Delete min
1
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0 9/7(2)7
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Dijkstra's Shortest Path Algorithm

$={s26,7,3}
PQ={51t4}
Add3toS,
Update distances to nodes 32
x 9 % R
0 /'@ 2”
|4\¢i 14
%% /<
|
5 /
7 44
x 15
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Dijkstra's Shortest Path Algorithm

$={52673}
PQ={5t4}

5
6
Delete min 16
t

©
x I5
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Dijkstra's Shortest Path Algorithm

$={526735}

PQ={4t}
Add5toS,
Update distances to nodes 32
x 9 % R
2 24 3
() S /’O

N
\. /?éﬂ

x I5
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Dijkstra's Shortest Path Algorithm

$={526735}
PQ={41t}

18
14 R 14 2 6
9{")6 34 45 R :
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6
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Feb 11,2013 CSCI211 - Sprenkle 50 X % )§1

Dijkstra's Shortest Path Algorithm

$={s52,67354}

PQ={t}
Add4toS,
Update distances to nodes 32
X 9 % 2
2 24 3
[ 5 /’O

® 14

<l
L =X %

44

x I5
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Dijkstra's Shortest Path Algorithm

$={s26,73,54}

PQ={t}
2
® 9 % %
o 9/@7 2/3
18 /
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Dijkstra's Shortest Path Algorithm

$={526,7,3,54¢t}

PQ={}
AddttoS,
Update distances to nodes 32
x 9 % R
o / / 3
® 14 /

©
x 15
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Dijkstra's Shortest Path Algorithm

$={s26,7,3,54¢t} Why does Dijkstra’s
PQ={} algorithm work?

AddttoS,
Update distances to nodes 32
G( 9 % X%
o D 24 3

x I5
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Dijkstra's Algorithm: Proof of Correctness

Invariant. For each node u € S, d(u) is the
length of the shortest s-u path

Pf. (by induction on |S|)
Base case: |S|=1 ...
Inductive hypothesis?
Next step?
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Dijkstra's Algorithm: Proof of Correctness

Prove: For each node u € S, d(u) is the
length of the shortest s-u path
Pf. (by induction on |S])
Base case: For |S| =1, S={s}; d(s)=0 v
Inductive hypothesis: Assume true for |S| =

’ = P

> Grow |S| to k+1 ; -
» Greedy: Add node v by u—v SN
» What do we know about s— u? Y il
> Why didn’t we pick y as the next node? ¥

» What can we say about other s— v paths?
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Dijkstra's Algorithm: Proof of Correctness

Prove: For each node u € S, d(u) is the length of the
shortest s-u path

Pf. (by induction on [S])

Inductive hypothesis: Assume true for |[S| =k, k= 1

~ Let v be the next node added to S by Greedy, and let u>v be
the chosen edge

» The shortest s>u path plus u>v is an s>v path of length z(v)
» Consider any s->v path P. It's no shorter than w(v).

~ Let x>y be the first edge in P that leaves S,
and letP' be the subpath to x.

» P is already too long as soon as it leaves S.
s
In terms of inequalities:
CP) =P+ (xy) = dX)+ 0 (xy) = T(y) = q(v)
t t t t
nonnegative inductive defn of i(y)  Dijkstra chose v

weights hypothesis instead of y
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Discussion: Dijstra’s Algorithm

Why does the algorithm break down if we
allow negative weights/costs on edges?
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Dijkstra’s Algorithm: Analysis

Maintain a set of explored nodes S

» Know the shortest path distance d(u) from s to u
Initialize S={s}, d(s)=0, V u#s, d(u)=«
Repeatedly choose unexplored node v
which minimizes ~() = _min _ d@)+ /..o

» Add vto S and setd(v) =

shortest path to some u in
(V) explored part, followed by a
single edge (u,v)

Running time?
Implementation?
Data structures?

Feb 11,2013 CSCI211 - Sprenkle 30

2/11/13



Dijkstra’s Algorithm: Analysis

Maintain a set of explored nodes S

~ Keep the shortest path distance d(u) from s to u
Initialize S={s}, d(s)=0

Repeatedly choose unexplored node v
which minimizes 7)) = _ min _ d()+f.«

> Add vt S and set d(V) = (V) cotores o o by

explored part, followed by a
single edge (u,v)

Insert * How long does each
ExtractMin i{peratlon cal;e! .
* How many of eacl
SHEDACHEY operation?
ISEmpty
F Total ) 31

Laying Cable

Comcast wants to lay cable in a neighborhood
» Reach all houses

» Least cost

Cost of laying cable btw houses
depends on amount of cable,

landscaping, obstacles, etc.

Neighborhood Layout

What type of graph?
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Dijkstra's Algorithm: Implementation

For each unexplored node, explicitly maintain

a(v)=  min _ dw+/(,.
e=(uy):u€s

» Next node to explore = node with minimum s(v).

» When exploring v, for each incident edge e = (v, w),
update m(w) = min { w(w), TW)+L, 3.

Efficient implementation. Maintain a priority

queue of unexplored nodes, prioritized by w(v)

Insert log n
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ExtractMin logn : o(m IOg I'I)
ChangeKey log n m
IsEmpty 1 n
Total mlogn
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Assignments
Wiki due Tuesday
»3.4-3.6
» Front matter of Chapter 4, 4.1
Friday: PS4 Due
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